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Abstract

The angle-averaged distribution function of action variables is studied by
means of projection operators on the basis of the Liouville equation for the
single-particle phase-space distribution of weakly non-integrable Hamiltonian
systems. It is shown that the angle-averaged distribution function is governed
by a kinetic equation similar to the Fokker—Planck equation but with a memory
integral. An explicit form of the memory kernel is derived by a second-
order perturbation expansion using the adiabatic and averaging approximations.
For localized nonlinear perturbations, the kinetic equation takes the form of
a functional map which can further be reduced to a moment map by using
the Gaussian approximation. To examine the validity of this treatment, the
evolution of actions is studied with examples of non-integrable systems. It is
found that the result from the moment map agrees very well with the results
from multi-particle tracking.

PACS numbers: 29.27.-a, 05.45.4b, 29.20.-c, 41.85.-p

1. Introduction

Diffusive motions in Hamiltonian systems are important to the understanding of many physical
phenomena occurring in fluid dynamics, celestial mechanics, accelerators and other fields. Of
the general Hamiltonian systems two limiting cases can be treated somewhat easily: strongly
chaotic systems [1-3] and integrable systems in the presence of weak external noise [4,5]. Inthe
former case, chaotic trajectories with their ergodic and short-memory-correlation properties
enable a satisfactory description of the diffusion effect. In the latter, the delta-correlated
external noise induces motions diffusing between KAM tori. Most real systems, however,
are in the intermediate situations which are difficult to analyse because of the presence of
both regular structures and chaotic regions. Another collective phenomenon that appears like
diffusion is the transport of the phase space occupied by a distribution of particles. If the initial
distribution does not match the KAM tori, filamentation of the phase-space region occupied
by the particles will occur and it will result in an increase in the effective phase-space volume.
In this paper we will consider the dynamical evolution of the phase-space particle distribution
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with weakly non-integrable Hamiltonian models from beam dynamics in hadron accelerators
or storage rings.

Generally, the dynamical behaviour of a weakly non-integrable Hamiltonian system such
as hadron beam particles in an accelerator is characterized by two significantly different
timescales in terms of action—angle variables. The angle variables vary quickly due to linear
oscillations while the action variables change slowly due to nonlinear perturbations. The
slow variation of the action variables contains all the information of the beam-size growth in
accelerators. It is therefore possible to simplify the problem by averaging the angle variables
over the short timescale. Such method of averaging provides a foundation for studying the
mechanism of the beam-size growth perturbatively. Based on the perturbation theory with
multiple scales, a perturbation expansion for the particle distribution in hadron storage rings
has been developed recently to study the evolution of the beam size in phase space [6].
With this multiple-scale expansion, the equation of the distribution function becomes only
action dependent. For localized nonlinear perturbations such as the beam—beam interaction
at colliding points, this perturbation scheme results in a functional mapping for the particle
distribution and the diffusion processes of particles in the beam can be studied numerically
without resorting to the tracking of individual particles. Even though the multiple-scale
expansion correctly described the physics of systems when only a few low-order resonances
are dominant, it is very difficulty to consider high-order effects. In a previous paper [7] we
have formulated a projection operator method (in its primitive form) for the study of the angle-
averaged distribution function of the action variables only. This method was tested in systems
with one and a half degrees of freedom and was found to be effective when long-time behaviour
of the correlation functions of the motion becomes important [7]. In this paper, the projection
operator method is elaborated in more detail in order to make a systematic second-order
perturbation expansion for the relevant memory kernel which was approximated by its zeroth-
order contribution in the previous paper. The second-order approach is found to be important
for obtaining the proper long-time behaviour when more complicated systems, such as those
of higher degrees of freedom, are considered. It should be noted that the projection operator
method and the averaging technique have been used extensively in statistical physics [8]. The
statistical approach of Hamiltonian beam dynamics has also been studied by Tzenov [9]. But
his technique was limited to linear (integrable) systems. More recently, Channell introduced
an averaging technique based on the canonical perturbation theory for studying the Vlasov
equation when the non-integrable Hamiltonian is rapidly oscillating [10]. With this technique,
the original Vlasov equation can be reduced to a Vlasov equation in ‘slow’ variables after
averaging over the fast oscillation. Even though this approach can in principle apply to cases
of nonlinear time evolution, it is still very difficult, if not impossible, to solve this Vlasov
equation in ‘slow’ variables for non-integrable or near-integrable systems. One application of
this Vlasov equation in ‘slow’ variables is the linear stability analysis of the stationary states of
the distribution function [10]. For nonlinear multi-particle Hamiltonian systems, however, due
to the lack of dissipation the particle distribution may not be able to reach any stationary state
within the timescale under consideration. It is not even clear whether there are any stationary
states for the nonlinear Vlasov equation. The time evolution (initial-value problem) of the
particle distribution rather than the linear stability of stationary states is therefore important.
It should also be noted that the averaging technique studied in this paper is used to eliminate
the fast linear oscillations of angle variables while the averaging technique introduced by
Channell [10] is primarily for the elimination of fast oscillation of external perturbations.

This paper is organized as follows. In section 2, the method of projection operator is
introduced and applied to derive the evolution equation of the angle-averaged distribution
function. In section 3, we discuss the approximation involved in order to obtain an explicit
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computational formula. In section 4, the case of periodically kicked perturbations is discussed.
A test of this method is carried out in section 5 by analysing examples of non-integrable systems.
Section 6 contains conclusions and discussions.

2. Projection and the coarse-grained dynamics

In terms of action—angle variables (i , (Z;) = (I, I, ¢., ¢,), a weakly non-integrable
Hamiltonian can be written as

H(I,$,1) = Hy(I) + Hi(I, $,1) €]
where Hy = ¥y - I is the integrable Hamiltonian and H,; represents the non-integrable

perturbation. For the particle motions in an accelerator, Hy is the Hamiltonian for the linear
betatron oscillation with betatron frequency vy, and H; is the Hamiltonian for the perturbation
due to magnetic field errors, the beam—beam interaction, or space-charge force.

Consider a beam consisting of N particles. If we neglect intra-beam collisions, the phase-
space distribution of particles can be described by the single-particle distribution f(/, (75 1),
which satisfies the Liouville equation

of

o = Ly f =[Lo+ Li)]f 2)
where

. . of .

Lof = —{Ho, f}=—vo~£ Lif=—{H, f} 3)

and {-, -} denotes the Poisson bracket. In many cases, the small perturbation H; permits
a perturbative treatment for equation (2). If the evolution of the distribution is known by
solving equation (2), the averaged action variables that corresponds to the rms beam size can
be evaluated from

- 1
(I) = o )2/1fd1d¢ / 4

where

(g /d¢> fU. 1) &)

1
(@)
denotes the angle-averaged distribution function. For the study of the beam-size growth, we
thus need only this angle-averaged or reduced distribution function. The average of the angle
variables can be conveniently described by introducing two projection operators orthogonal to
each other:

ﬁfE(f)q; QEl—ﬁ. (6)
They satisfy P2 = P, 02 = Q and PO = QP = 0. It is not difficult to prove that
PLP =0 OLy=1,0=1L, PLO = PL, OLP =1L1,P. @)

To derive the equation of motion of the angle-averaged distribution function, we apply P
and Q onto equation (2) and obtain [8]

9 o
%:PLPf +PLO 8)
3 o .

W _ 3ip f,+0L0 J, ©)

dt
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where f,(I, 1) = Pf and f,(I, ,t) = O f. Assume that initially £ (I, $, 0) is uniform in
angle variables, i.e. f,(I, ¢,0) = 0; f, can then be expressed in terms of f, as

t
fo = /0 dt" Uy (t. 1Y QL) P £, (1) (10)
where 0q (t, 1) is the evolution operator (propagator) uniquely determined by
aﬁq(t’t/) AT A 77 ’ y ’ogr
T:QL(I)Q U, 1) U, =1t,1)=1 (11)

for arbitrary ¢ and can be expressed in terms of a time-ordered exponential exp; [8],

U,@,1) :expr{/ de Qi(r)Q} (12)

which is understood as the Taylor expansion of the exponential with operators ordered from
right to left as time increases. Substituting equation (10) into equation (8) results in a closed
equation for f,,

0 PPN ! Aa A A AN A
% = PLP f,,+/ dt' PLt)Q U,(t,t") QL") P f,(1). (13)
0
Using equation (7), equation (13) is simplified to
0 ! A A A A
% = / dt' PLi(0)U,(t,t")L1(t") P f,(1"). (14)
0
To derive a more explicit expression we make the following observations. First,
A A oH, df,
LiBf,=—(H, f}="2 22 (15)
1 fp 1 fp 3(]5 91
and, for an arbitrary function g(f , qg),
I a [d0H
PLig=—" <_->1 g> . (16)
al \dp Ij
Second, when H; = 0, Uq (¢, 1) is the unperturbed propagator,
Uy(t, 1) = Uo(t —t') = expl(t — 1) Lo] (17)
and its action on an arbitrary function g(i , 5) is simply
Oo0g (I, ¢) = g(1. Uo()$) = g (1. & — Vo). (18)
This prompts us to peel off the unperturbed contribution by introducing
U,t,1") = Uy, (1, 1) Up(t — 1'). (19)
It can be shown that
t
Uyt t) = expT/ dr QL|(z;t —1)Q (20)
o
where
Ly 1) g = UoH LT (1) g = —(H (T ¢ — Tot' 1), g). @

Substituting equations (15), (16), (18), (19) into (14), we obtain the equation of the angle-
averaged distribution function in a more explicit form:

0 > ! 0 - 0 -
— U, )= | dt —D;;(I,t,t)— f,I, 1 22
~f(dn /O 3 55 Dot O05 7 101 22)

iJ
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where

AH (I, $,1) ~
1( ¢ )Ulq(l,f/)
0¢;

(23)

Dij(i,t,t/)z< 3H1(1,¢—v0(t—t),t)> ‘

a¢; -

o) ;
Only the Q-projected perturbed propagator U 14 1s still implicit. It should be noted that the
appearance of the diffusion-like operators in terms of the action variables guarantees the
conservation of probability

d . o
5/d1 fpd,t)=0 (24)

and when H; does not depend on 43, fp itself does not change with time.

3. Adiabatic and averaging approximation

In order to solve equation (22) for f,, the correlation functions D;; (i ,t,1') defined in
equation (23) have to be explicitly given. Further approximations are therefore needed to
deal with Ulq. Since Qﬁ = 0, it follows that Ulq(t, t’)ﬁ = 13, 1.€. Ulq has no action on
a function containing only action variables. On the other hand, for the problem of the slow
beam-size growth, the action variables are adiabatic invariants during the timescale of the linear
oscillation. It is therefore possible to approximate the action of U 14 by acting on the angle
variables only. For instance, for any Fourier mode g (f ) exp(in - <5) of an arbitrary function

g, $),
U141, 1) [ga (D) exp(i - §)| ~ g (1) U1y (2, 1) exp(init - §). (25)

To derive an explicit approximation formula we start from the expansion form of U 1, 1)

t
01yt 1) =1+f dr, 0L (ry; 1 — )0
;

t T] A A n
+/ d‘L’]/ dr, QL/I(‘L'l;l—‘L'l)QL/l(‘L’z;l—‘L'2)Q+"'. (26)
t t

The adiabatic approximation implies that we may neglect terms containing differentiations
with respect to the action variables, i.e. for an arbitrary function g(/, ¢),

. A~ Jomd. ¢.1) dg
L0 g ~—0 {0810 98 27)
QL (t1;1)0 g Q{ Y 2%
An An A A dH (I, ¢ — Vota, 11) 02H (I, § — Vota, 13)
L\ (t1; ) QL (t3; t A
QL\(t1; 1) QL (13;19) 0 g Q[Z;H: al; 301,
_3H1(i,$—30l2,l1) O2H (I, § — Vota, 13) g
8¢J 8]181, d;
+3H1(f,$—§0l2,l1) OH (I, — Vots, 13)  3g
AH (I, ¢ — Vota, 1) |3*H (I,  — Voty, tz) 9
. 1, ¢ —vota, 1) 1(I, ¢ —voty, 13) g . (28)
39, 01;01; i [

We further make the following averaging approximation. Note that in equations (27)
and (28) all coefficient functions associated with the differentiations to the angle variables of
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g(f , (Z)) contain perturbing Hamiltonian H;. Similar to the canonical transformation of non-
integrable Hamiltonians, their angle averages or secular terms lead to a change of frequencies
with amplitudes. The oscillatory terms contribute only to higher-order perturbations and can
be neglected for sufficiently small nonlinearity. After neglecting all oscillatory terms in the
coefficient functions, Q can be dropped and equations (27) and (28) become

8H1(7,$,t1)> d
ol pt )

2y A7 A d
OL|(t1; ) OL (t3; 12) O ~ — Z |:8_I<
i j

OL\(11: )0 ~ —< (29)

AH[(I, ¢, 1) OH|(I, § — To(ts — 1), 13)
09, a1

+Z<8H{(i,¢3,n>aH{<i,$—Go(t4—tz),r3)> 92

AT ol; 500,00
aH (I, $, t1)> <aHl(i,<25,r3>> 9 20
+X]:< or, 3\ oL 599,00 G0

where
H{(I,¢,v)=HU,é 1) —(HU, );- (31)

Finally, we rewrite U 14(t, ") into exponential form and keep only up to the second-order
contributions from H;,

Uig(t.8) ~ exp[Ly(t.1)] (32)

3H1(1¢>T1) a !
=3 [an (PG - [

LJ

X/ dar <3H/(1 é, 71) 0H| (I, ¢ — V(1 — 1), T2)> 9
, |l 3¢, al, 3

+Zf dr'/ <3H < ? ) 240 ¢_;01(fl — m> 8¢a-2¢..
! ¢ OV Y

J

with

(33)

It should be noted that the last term of equation (30) does not appear in equation (33) after
rewriting U 14(t, t") into exponential form. This can be seen if one compares the expansion in
equation (26) and the expansion in equations (32) and (33). The latter expansion resembles
a cumulant expansion, i.e. the exponent rather than the time-ordered exponential itself is
expanded.

The diffusion coefficients given by equation (23) can then be calculated, using
equation (32), by

AH (I, $, 1)

29, exp [I:dg(t, t’)]

(34)

- AH (I, — Dot — 1), 1’
Dij(,,t’t,)%< (1. & = To(t = 1) >>.

09,

¢
Note that the first two terms of i(; in equation (33) contribute to the first- and second-order
amplitude dependence of the frequencies, respectively, while the third term of L ¢ results in

diffusion in angular space. In our previous paper [7], exp [I: 3. t’)] was approximated by its
zeroth-order contribution which is simply an identity operator. The inclusion of high-order
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contribution of L 4 was found to be important to the long-term behaviour of high-dimensional
systems. For a more explicit expression of D;;, we decompose H; into Fourier modes as

=Y ha(l. 1) explii - ¢} (35)

with h_;5 = k. and obtain

dhs(I 8
¢(t t) = Z/ ( TI) ZZ/ dﬁ/, dt, expli(t; — ©)m - Vo]

0 ivJ

X{im’[aa (h a “)wﬂw
J l i

oh; 1, oh* 1, 32
oha( ) 9T, 1) 6
ol ol; 09;0¢;
The diffusion coefficients can then be calculated from
DI, 1.0y~ Y minj hi(I OhE(I 1) exp [ii - To(t — 1) + E(ii, 1.1)] (37)
where
Lt amgd,
E(ﬁ,t,t’):in~/ dr M
1% a1
t T . . . a
Z/ dr; / dr, expli(t; — ©o)m - Vo] <m . —q>
.y t # ol
oh* I
al
Lt anadl ) ?
n- dr 8—Iexp(1nm Vo) (38)
> t

Note that only Fourier components with m # 0 are important for D;;. It should be
emphasized that the adiabatic approximation used in equations (27) and (28) and the averaging
approximation used in equations (29) and (30) lead to an asymptotic expansion for D;; and
the validity of these approximations needs to be tested with dynamics systems (see section 5).

4. Kick-type perturbations

For the particle motion in a high-energy accelerator, the nonlinear perturbation H; is usually
from either beam—beam interactions at interaction points or localized magnetic-field errors in
the ring. H; can therefore be represented by periodic kicks. Consider a periodic kick
oo
Hi(I,$,0) = Hi(I,$)8,(t)  8,(t)= Y 8(t —27k) (39)

k=—00

where, to §implify the notation, we have used H, (f , J)) to denote the time-independent factor
of Hi(I, ¢,t),and 6(t — 2mk) is the Dirac delta function which represents the kick occurring
att = 2mwk. Let

F,(I) = f,(I,t =27n") (40)
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denote the angle-averaged distribution function after the beam has circulated n revolutions but
before passing the kick. Substituting equation (39) into (34) and integrating equation (22)
yields

> > 1 0 [0H, 0H d
Fn+1<1>=Fn(1>+5iZ < 1 1> — Fy(I)

d¢; 09;
= (n—m)
0 (2 i IH, 9 . -
' al; Lyt =m)] ==y | 37 FnU 41
n;); al; < A exp [Lz(n —m)] o >$ a1, ) (41)

A 8H1 1 o0H| 0H| d
¢ 2\%5, a¢, T2 Z[ 09, 01, |5 | o¢:
/ /() k
DRI [i (e > i+12
ol \ 0g; oI, s 2 -

< aH" aH’(‘ )

J

42
a¢,a¢>z 42

and
HY =m0, ¢%)  HY=H"—(H); % =0k, 0)¢. (43)

The numerical factor 1/2 in front of the second term in the right-hand sides of equations (41)
and (42) is due to the fact that an integral of a Dirac delta function which evaluates at the
boundary of the integral equals 1/2. Note that Uo(Znn_, 2mrm”) = UO(Zn(n —m)~,07)
because of the periodicity.

Equation (41) is a functional mapping which provides a computational means for
calculating the angle-averaged distribution. In terms of the Fourier components of H; (f , (]_5)
in equation (35), this functional mapping can further be written in a more explicit form as

- - 1 .0 2f . 0 N
Faa(D = Fy(D) + 5 ; (m - 5) <m . 5) Fy (D)

m

n—1 . . 9 .
+ 3 ; (m a_i> {| (D] cosl2 (n — Dy - 91} <m : a_i> F()  (44)
where
V= T+ A AV = ii{hé(i) 1 PR O1hi " cot(mrm - v())} (45)
27 31 4 s oI

In deriving equation (44) we have retained only those contributions from L 3(k) that are
proportional to k for large k, which are dominant for long-term behaviours. This results in the
first- and second-order amplitude dependence of frequencies in equation (45). While the first-
order amplitude dependence is determined solely by zero-mode Fourier component, the second-
order amplitude dependence is the contribution from nonzero-mode Fourier components.
Similar to the canonical perturbation expansion or normal-form expansion [11], the factor
cot(rrnm - Vg) in equation (45) reminds us to stay away from major resonances to prevent the
perturbation results from breaking down. It should be noted that in our previous treatment [7]
only the zeroth-order contribution of L 5(k) was retained and the amplitude dependence of
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frequencies was included into Hy. In the current approach, effects of the amplitude dependence
of frequencies are automatically considered through L 3(k).

As mentioned before, our main concern is the beam-size growth characterized by the
first-order moments of the angle-averaged distribution function

i, = / a7 TF.(D) (46)

Naturally, we are motivated to derive the mapping equations for 1\7[,1. Such equations,
however, involve the higher-order moments due to the nonlinearity of the system and, therefore,
truncations must be made to obtain the closure. On the other hand, experimental observations
have shown that the particle distribution in large particle storage rings remains approximately
Gaussian if it is initially a Gaussian distribution. As the beam circulates in the ring, the
distribution is gradually distorted with a growth of the distribution tail. In this case, we may
further simplify the functional mapping (44) by using a Gaussian distribution approximation
in which F, (f ) is approximated by a Gaussian distribution [6]

- ST 1 I I,
F.()~GM,,I) = ——— — - = 47
() ( ) MM, eXP( M. Myn) (47)
and then integrate the functional mapping (44) multiplied by I. A two-dimensional nonlinear
mapping for M, is thus obtained as

My = —-Z /d1|h (1)|[ —G(Mn,l)]

—ZZ /dl |1 (D] cos[2m (n — Dy - V] [ —G(M,, 1)] (48)
=0 m

It should be noted that the approximation in equation (47) may not be appropriate for

representing the distribution function as a whole even when itis good for analysing the evolution

of the first-order moments.

5. Examples

To test the method of projection operator for the angle-averaged distribution function, the
evolution of average actions is studied on examples of two- and four-dimensional symplectic
maps. The average actions calculated with the angle-averaged distribution function is
compared with the result of numerical simulations of the distribution function. The first
example of the two-dimensional map was studied in our previous paper [7] where only the
first-order contribution to the amplitude dependence of frequency was considered. To examine
the current approach that includes the second-order contribution, this example is studied here
again.
(1) Non-integrable system with one and a half degrees of freedom. Consider a two-
dimensional symplectic map
Xp+1 = X, COS 2V + [py + K (x,)] sin 27w vy
. (49)
Pn+l = —Xp SIn2mwvy + [p, + K(x,)] cos 2w vy
where vy is the frequency for the linear rotation. The nonlinear kick force can be expanded
as K(x) =) ,,_, €m—1Xx", where €, is the strength of the mth-order multipole. Map (49)
describes the horizontal motion of beam particles in a hadron storage ring. As an example,
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we consider sextupole and octupole only, i.e. K(x) = €;x> + €,x>, and the corresponding
Hamiltonian is

Hy=vol  and  H =— [63—‘(21)3/2 cos® ¢ + 64—2(21)20054 ¢] 5,(t) (50)
where the action—angle variables are related to the Cartesian phase-space coordinates by

x = /21 cos ¢, p = —~/21 sin ¢. Substituting this Hamiltonian into equation (44) yields

Fo(l) = Fy()+ 29 25, 56 14 d o
et L= Enl* g\ 4 Jar'

1 & d
+— Z —{612 [cos(2mmv) + cos(6mrmv)] &

4 ~=~dl
2
62 4 d
+? [4 cos(4mmv) + cos(8mmv)] I }aan(I) (@28
where the frequency v is calculated from equation (45) as
2
A
b= o+ 621— % = — L{6a + [3 cot(xvp) + cot B vp)]1} (52)
T

with o = €;/ 612. For the amplitude dependence of frequency v, we include only the lowest-
order term, linear amplitude dependence, which is the first-order contribution from octupole
and the second-order contribution from sextupole. The nonlinear mapping for the moment is
obtained from equation (48) as

Opel = Op + %[anz + 505203]
n
+% Z {0,127,” [R1 QRrmvy, mio,_,) + Ry (6rmyy, 3mkon,m)]
m=1

+2a%0,)_,,[4 Ry (4rmvg, 2mAc,_y) + Ry (8tmvy, 4mro,_y) |} (53)
where 0, = elex,, is the average action scaled with 612 that represents rms beam size in phase
space and

Ri(x,y) = [(1—6y*+y") cosx —4y(1 —y?) sinx] (54)

(L+y?)?
R _ 1 — 10y* +5y*) cosx — y(5 — 10y* + y*) sinx] (55)
z(x,y)—(Hyz)S[( y=+5y x—=y Yoy x].

Note that the moment map (53) contains only three parameters: vy, the initial moment o and
the ratio of octupole and sextupole strength o«. Numerical calculations of the time evolution
of the moment have been carried out by using the moment map and, to test the results, by the
multi-particle tracking for direct simulation of the moment.

Figure 1 plots the evolution of the average action for the example of vy = 0.2114 and
a = 0. In this case, map (48) is a two-dimensional Hénon map. A comparison between the
result of the moment map (53) and the result of the direct tracking shows a good agreement
between the two methods. When oy is small as compared with the dynamic aperture (the stable
boundary for single-particle dynamics), there is always a stationary state for the average action
after transient oscillations die out. For small oy, particles of beam stay inside the dynamic
aperture where the phase space is foliated by KAM tori and resonances. The existence of
stationary state for the average action is therefore due to the presence of KAM tori. Note that
the dynamic aperture in this case is at I = (x> + p?)/2 =~ 0.08. The transient oscillation, on
the other hand, is due to angular rotation arising from Hj and has a quasi-period of 1/vy. Since
the approximations involved for obtaining the moment map are for the elimination of angular
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(b) ]

0 200 400 600 800 1000

Figure 1. Evolution of the average action of the Hénon map with vop = 0.2114 calculated by
(a) using the moment map (53) and (b) multi-particle simulations. The initial average action is
o0 = 1072 and n is the number of turns.

variables, it is understandable that the detail agreement between the moment map (53) and the
direct tracking is not very good during the transient oscillation where the detail dynamics of the
angular variables are important. In figure 2, the stationary average action is plotted as a function
of vy where the ratio of octupole and sextupole strengths isa = €,/ 612 = 2. Qualitatively good
agreement is found between the moment map and the direct tracking. Because of the sextupole
and octupole perturbations, 1/2, 1/3, and 1/4 resonances are the dominant resonances and a
strong growth of the average action occurs near these resonances. Near the 1/4 resonance,
the increase of the average action calculated by using the moment map is about ten times
larger than that by the direct tracking. This discrepancy could be due to high-order effects
that are neglected in the moment map since high-order perturbations may stabilize low-order
instabilities.
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(c—0p)/0g

Figure 2. The increase of the stationary average action of map (49) with a sextupole and octupole
as a function of vy calculated by using the moment map (53) (circle) and by the multi-particle
tracking (cross). The initial average action op = 5 x 1073 and & = 2. The dashed lines indicate
vo = 1/2,1/3, and 1/4. Due to the amplitude dependence of frequency, the location of the
resonances are shifted.

It should be noted that the moment map derived from equation (49) is the result of a
second-order perturbative calculation. It will fail when the system becomes globally chaotic,
which generally occurs outside the dynamic aperture. When oy is comparable to the dynamic
aperture, the stationary state of the average action no longer exists due to rapid particle loss
and the moment map diverges. On the other hand, when a particle beam is initially inside the
dynamic aperture, the moment map qualitatively describes the growth of the beam size even
when the system is very close to strong primary resonances, as shown in figure 2. For example,
when vy = 0.339 and o = 2.0, the system is dominated by strong 1/3 resonance as shown
by the phase-space portrait of map (49) in figure 3. The dynamic aperture in this case is at
I = (x> + p*)/2 >~ 0.03. For oy = 0.005, the stationary average action calculated from the
moment map is (o — o) /oy =~ 1.0 which agrees well with that from the multi-particle tracking
(see figure 2) even though in this case particles at 3oy of the distribution are fairly close to
the dynamic aperture. In this case, the strong growth of the average action is mainly due to
particles moving along the invariant curves that wind around 1/3 resonance to large amplitude
of phase space.

(2) Non-integrable system with two and a half degrees of freedom. In this case, the
nonlinear coupling between the two degrees of freedom is of particular interest. Consider
a four-dimensional symplectic map that models two-dimensional transverse motion of beam
particles in a hadron storage ring with one nonlinear element that is otherwise linear,

Xpil = X COS27 Vo + [Py + Ki(x, y)ISin 27 vy
Pxtl = —Xp SIN 2T V0 + [pr o + K (x, y)] cO8 2110
. (56)
Yntl = Yp €082 vyo + [y, + Ky (x, y)] sin 27wy
Pyn+l = =Y SIN2wv 0+ [Py + K, (x, y)] cos2mvyg

where v, and vy are the frequencies associated to the linear horizontal (x) and vertical (y)
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= _ Figure 3. Phase-space portrait of map (49) with a sextupole
0.8 0.4 0.0 0.4 0.8 and octupole. vp = 0.339 and « = 2.0. The dynamic
X aperture is at I = (x2 + p?)/2 ~ 0.03.

motions, respectively. The nonlinear kick is determined by the perturbative potential H; (x, y)
through

oH (x, 0H (x,
K, = 1(x, y) K, =— 1x, ) 57)
ax ay
The map is thus generated by the Hamiltonian
H = vl + vyoly + Hy (V21 cos gy, 21, cos dy ) 6,(0). (58)

We again consider only sextupole and octupole perturbations of which the perturbative
Hamiltonian is

H = —63—1(x3 —3xy?) — %(x4 +yt —6x2y?). (59)

With the action—angle variables, the Fourier components of H; can be easily obtained and the
two-dimensional nonlinear map for the first-order moments (o, o) can then be obtained from
equation (48) as detailed in the appendix.

To examine the validity of the two-dimensional moment map in equations (A.21)
and (A.22) of the appendix, the time evolution of the moments calculated by using the moment
map is compared with the result of multi-particle simulations. Figures 4—7 plot the evolution
of two nonlinear-coupled o, and o, for two different cases. In the case of figures 4 and 5,
only sextupole perturbation is included (¢ = 0) and the original map in equation (56) is the
four-dimensional Hénon map. In the case of figures 6 and 7, both sextupole and octupole
are included. In both situations and also in other cases with different parameters we studied,
good agreement between the moment map and the direct simulation was found. Similar to the
situation of one and a half degrees of freedom, when the initial moments o, o and oy o are not
too big and vy is not close to a major resonance, a stationary state for the average actions exists
for all the cases we studied and we also found that the smaller the initial moments, the longer
the transient. It should be noted that our previous approach [7] failed in this case.

(3) An isolated difference resonance in two and a half degrees of freedom. Resonances
appear whenever m v, + myvyg = n, where m, m, and n are integers. When the system is
close to a resonance that leads to strong instability, the perturbation formula in equation (44) is
no longer appropriate for studying the growth of the first-order moments. On the other hand, in
the system with two degrees of freedom and time dependence, an isolated difference resonance
(mymy < 0) does not lead to an instability, i.e. the motion is always confined in both x and y
directions [12,13]. The moments in two directions are therefore bounded. Due to the nonlinear
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Figure 4. Evolution of two coupled average actions (a) in the x-direction and (b) in the y-direction
of four-dimensional Hénon map calculated by using the moment map (A.21), (A.22). The linear
frequency vy = 0.2114, vyo = 0.31 and initial value 0, o = 0y,0 = 2 X 1073,

coupling, however, the energy could be transferred from one direction to the other. As a result,
an initially very small moment in one direction could grow to a large value [6, 14]. To explore
the behaviour in the neighbourhood of such a resonance with the perturbation formula, in this
section we study an isolated difference resonance of sextupole.

Suppose that a system is close to a difference resonance of the form v, —2v,9 = n and all
other non-resonant terms in the Hamiltonian can be neglected. The perturbative Hamiltonian
can thus be truncated as

Hy = %(24)‘”(%) cos(¢x — 26) 8, (1). (60)

Since the Hamiltonian depends only on ¢, — 2¢, for angle variables, 21, + I, is a constant of
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Figure 5. As figure 4 but calculated by the multi-particle tracking.

motion. Substituting equation (60) into (48) yields

Ox n+l = Oxp + An Oyn+l = Oyn — 2An (61)
where
Ay =0y, (Uy.n - 2O—x,n) +2 Z Oy.n—m (Uy,n—m - 2‘Lc,n—m) Chun (62)
m=1
m m
Cmn = R12 (27TmVMOs _E COt(nVMO)O-x,nfmv E COt(Tl’ UMO)O'y,nfm) (63)

and vyo = Vyo — 2v,0. It follows that

20y, + 0y, = constant (64)
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Figure 6. Evolution of two coupled average action (a) in the x-direction and (b) in the y-direction
of the modified four-dimensional Hénon map with an additional octupole nonlinearity witho = 1.0
calculated by using the moment map (A.21), (A.22). The other parameters are the same as those
in figure 4.

which corresponds to the constant of motion of the system. Since both o, and o, are
positively defined, they are bounded by equation (64). It should be noted, however, that for the
approximated moment map to be valid the frequency shifts due to the amplitude dependence
of the frequencies should be much smaller than the original frequencies. In this case it is
necessary that 3| cot(vy)| max (oy.0, 0y,0) < 27 Vago.

Figure 8 shows a typical case of evolution of o, and o, calculated from the moment
map (61). The result is in very good agreement with the results from multi-particle
simulation [6, 14]. In fact, the stationary average action can be directly obtained from the
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Figure 7. As figure 6 but calculated by the multi-particle tracking.

map (61). The fixed point of the map (61), (o, 0,), which corresponds to the stationary state, is
oy — 20, =0. (65)
Together with equation (64), the stationary state is found to be
o, = % (20)(,0 + oy’o) oy = % (20x,0 + oy,o) . (66)
Near the resonance, this stationary state is locally stable [14]. It implies that for an initial

Gaussian distribution with o, o and oy, ¢ not too far away from the stationary values, the final
state of (oy, o,) will achieve these stationary values.
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Figure 8. Evolution of two coupled average actions in a case of an isolated difference resonance
calculated by using moment map (61). vp0 = vxo — 2vy0 = 0.007 and 0, 0 = 0y,0 = 1073,

6. Summary

Using the method of projection operator, we have derived from the Liouville equation the
evolution equation of the angle-averaged distribution function in action space for weakly
non-integrable Hamiltonian systems such as beam particles in hadron storage rings. For the
kick-type perturbations such as beam—beam interactions or localized magnetic field errors
in particle storage rings, this treatment results in a functional map for the angle-averaged
distribution function. With the Gaussian distribution approximation, this functional map can
be reduced to a moment map which can easily be iterated numerically for studying the evolution
of the moments. To test this method, the evolution of the averaged action variables is studied
on systems with one and a half as well as two and a half degrees of freedom. The averaged
action variables calculated by using the angle-averaged distribution function was compared
with that of multi-particle simulations. The comparison study with various values of system
parameters showed that the angle-averaged distribution function provides a valid description
of the evolution of the averaged action variables except when the system is close to major
resonances. When the system is close to major resonances, the particle distribution in phase
space may deviate too quickly and too far from its initial distribution to be considered within
the framework of the method of projection operator. Large particle storage rings, however, are
generally operated far from all major resonances and the angle-averaged distribution function
is an effective means for studying the beam-size growth due to weak nonlinear perturbations.
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Appendix. First-order-moment map for four-dimensional symplectic map

In this appendix, the nonlinear map for the first-order moments are obtained for the four-
dimensional symplectic map given by equations (56)—(59) in section 5.2. The nonzero Fourier
components of H; in equation (59), in the form of (35), are

3¢
hoo = —?2(52 +12 — 41,1,) (A.1)
€
hio=h_19= —ﬁ(lf/z —21!71,) (A.2)
€
hia=h,2=h_js=h_| o= Z—JEIXI/ZIY (A3)
€
hoo=h_20= —ZZ(IX2 —31.1,) (A4)
3¢
hap=h_ 2=hy 2=h_o5= ?2 L1, (A.5)
€
hos =ho 2 = —Zz(lf, — 31,1, (A.6)
€
hig=h_30= —ﬁlfﬂ (A7)
€ 5
hao=h_40= 16 I (A.8)
€ 5
hoa=hoy=—2 1. (A.9)

The frequencies of the nonlinear motion of the four-dimensional map, including the amplitude
dependence, can be calculated from equation (45) as

2
€
Vy = Uy + ﬁ(xm L+ Ay 1) (A.10)
i
vy = Dy + E(kxy L+ Ay 1) (A.11)
where
Aoy = —%[3 cot(wvyg) + cot(3mvyg) + 6] (A.12)
Ary = —1{ cot[7 (Vo + 2v,0)] — cot[7r (vxg — 2vy0)] — 2 cOt (T vy0) — 6cr } (A.13)
Ay = —g{ cotlm (vxo + 2vy0)] + cot[7 (Vg — 2vy0)] + 6at}. (A.14)

In calculating the amplitude dependence of frequencies, we again include only the first-order
contribution from octupole and the second-order contribution from sextupole. To simplify the
notation, let

Vpo = Vxo + 2Vy0 VMo = Vxo — 2Vy0 (A.15)
Apx = dex +2X4, Apy = Ayy + 2y, (A.16)
Amx = hxx — 24y, Amy = Ayy — 24y, (A.17)
V40 = Vxo + Vyo V_0 = Vx0 — Vy0 (A.18)
Aix = Ay + Ayy Aoy = Ay + Ay (A.19)
Aoy = Ayy — Ayy Aoy = Ayy — Ay, (A.20)

The nonlinear map for the first-order moments can then be obtained from equation (48) as

_ 1 2 2 2(s,3 2 2
Oxn+l = Oy + 5[(30)”Z — 20y 4,0y + 3(7},’,[) +3a (SJx’n — 60,0y, + 90'_,5,,10'},’”)]
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n

1 § 2
+§ {3ax,n7m[R30 (anvx()a m)\xxax,n—m’ m}"xyay,n—n1)
m=1

+R39 (671mvx0, 3mAxxOx n—m, 3m)»xyoy’n,m) ]

—20% n-mOy,n—m [2R12(2nmvx0, MAxyOy nm, mkxxax’,l_m)

—Rp2 (ZijVP07 MAPxOx n—m, m)LPyO—)xn—in)

+R12 (27‘[va0, mA.MXO'XYn_m, mA.Myo'yyn_m) ]

+‘7y2,n_m [4R12 (anvxo, MAxxOx n—m>» mkxyoy_n_m)

+R|2 (ZJTml)po, m}\.pr'x,n_m, m)npyo);,,,_m)

+R)» (271va0, MAMxOx n—m s m)»Myay,n,m) ]

+6a203'n7m [4R40 (47tmvx0, 2MAyx Oy Zm)»xyaay,,,,m)

+Ry4o (Snmvxg, 4mA 0Oy y_pm, 4m)\xya0y,n,m) ]
—9azaxz,n7may,n,m [4R31 (4nmvxo, 2mAxx QO y—m, 2m)»xyomy,n,m)
—R>» (4nmv+0, 2mA Oy y_m, 2m)»+yaay’n_m)

+Ry (4nmv_o, 2mA_ 0Oy y_m, Zm)\_yomy,n_m) ]
+9a20x,n_moy2’n_m [4R22 (47rmvx0, 2mAy QO y_m, 2mkxyocoy,n_m)

+Ro» (47'rmv+0, 2mA QO y_m, 2m)»+yomy,n_m)

+Ry (4nmv_o, 2MA_x 0Oy s Zm)n_yozoy,n_m) ]} (A21)
2
o
Oynsl = Oy, + |:20x,n0yy,, + 7(50;” — 60—;”0},}1 + 9Gy!,1ain)i|

n
1 § :

+§ {4ox,n—m0)',n—m [R12 (zanPOv m)LPxO'x,n—m’ m)LPyO'y,n—m)
m=1

+R12 (anvM()a m)"MxO'x,n—ma m)"MyO'y,n—m) ]

2
+20'y,n_m[R12 (27TmUP0’ m)\Pxo'x,n—ma m)"PyO'y,n—m)

—Ri2 (2mmvp0, MArixOx n—ms MAryOyn—m) |

+6oe2ajn_m [4Ra0 (4remvyo, 2mAyy @0y o, 2Ny 00 )

+Ryg (Snmvyo, 4mh 0oy 4, 4m)\x,v0‘0x,n—m) ]

—90°07 0 n-m[4Ra1 (47mVy0, 2y @Oy s 2MAy A0 )

—Raa (47mvs0, 2MAsy @0y s 2MAx X0 )

+Ro (—47mv_g, =2mA_yQ0y o, —2MA_ U0y ) ]

+9a20y.,,_moxz’n_m [4R22 (471mvy0, 2mAy, 00y i, 2m)“xy0‘0x’n—m)

+Ry (4nmv+0, 2mMA sy @Oy ym, 2m}‘+x°“7xw—m)

+Roa (—4mmv_g, —2mA_y00y n_y, —2mAh_ 00 -m) |} (A.22)
where oy , = €2 My, 0y, = €7 My, and

1

Rio(x,y,2) = m{[(l —6y" +y") —4yz(1 — y*)] cos x
—[4y(1 = y*) +z(1 — 6y* + y*)] sin x} (A.23)
Rip(x,y,2) = {[a =y =32%) = 2yz(3 — )] cos x

(1+y2)*(1+2%)°
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—[2y(1 =323 +z(1 — y»)(3 — %] sinx} (A24)
1
Rao(x,y,2) = m{[(l — 10y +5y%) — yz(5 — 10y + y4)] cos x
—[y(5 — 10y* + y*) + z(1 — 10y* + 5y*)] sin x} (A.25)
1
R3i(x,y,2) = W{[(l —6y> +yM(1 — %) = 8yz(1 — y)] cos x
—[4y(1 = yH(1 = 2% +22(1 — 6y + y*)] sin x} (A.26)
Ryn(x,y,2) = ! {[(1 =3y —32%) — yz3 — y)(3 — z)] cos x

(T+y23(1+22)
—[y3 =) =32 +2(1 = 3y»)(3 — )] sin x}. (A27)

Note the symmetries Ry (x, y,2) = Ro(x,z,y) and Ryp(x,y,2) = Rp(—x,—z,—Y).
Therefore, each of the R, in equation (A.22) has the same value as the corresponding one in
equation (A.21). It should also be noted that when o, o = 0, equation (53) is recovered.
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